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Definition

A polynomial function in one variable is a function of the form

[ f(x) = ax" + a1 X" +---a’}("+ ax'+ a.,)(o (1) J

where a,.a,-,,...,a,,a, are constants, called the coefficients of the
polynomial, n = 0 is an integer, and x is the variable. If a, # 0, it is called the
leading coefficient, and n is the degree of the polynomial.

The domain of a polynomial function is the set of all real numbers. J
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Example 1

Identifying Polynomial Functions

Determine which of the following are polynomial functions. For those that are, state
the degree; for those that are not, tell why not. Write each polynomial in standard
form, and then identify the leading term and the constant term.

(a) p(x) = 5x° - __'txf -9 () f(x) =x+2-3%x* (c) g(x) =Vx = x-f
2 "

d) h(x) =5 : (e) G(x) =8 ) H(x) = -2 (x — 1)?
-

awl,

8) )= 5x*-4x'-9 ) -‘}(xz‘;%—sx ixaz  (© ,:;‘f r:"?\i\\.?v:ﬁ@

IQLS ] 3™ d%\ﬂ’- polynamia) ¥ —i‘?ree' W
leading: 53 | eod g

onst: ~9 const Z
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Table

Degree Form Name Graph

No degree fix) =0 Zero function The x-axis

0 fix) = ay ag # 0 Constant function Horizontal line with y-intercept a,

1 fix) =a,x +ay a, #0 Linear function Nonvertical, nonhorizontal line with

slope a, and y-intercept a,

2 fix) = a;® + a\x + a5, a, # 0  Quadratic function Parabola: graph opens up if a;, > 0;
graph opensdown ifa, < 0
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Figure
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(a) Graph of a polynomial function: (b) Cannot be the graph of a
smooth, continuous polynomial function
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Definition

A power function of degree n is a monomial function of the form
— -

( f(x) = ax" (2) J

where a is a real number,a # 0,and n > 0 is an integer. J
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Figure Yj=ax’
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Figure: Graph of f(x) =1 — x°

(@ y=x° (b) y= —x° S ) y= —xP+1=1-x°
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Example 2

Graphing a Polynomial Function Using Transformations

Graph: f(x) = %(.\' - 1)*

(solution on next page)
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Solution

Figure 8 shows the required stages.

Y ¥
2 2F
0,1 2,1 N
— 1 (! ) (2,1) , (q;) (2;)
X 2 (1,00 2 X 2 (1,00 2 X
2} . 2 . 2}
| 1 [
@ y= x* ) y=(x-1)" © y=1(x-1)
Figure 8
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Graph of a Polynomial Function
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Definition — x- intercegts | solustions|
24\ 2005

If fis a function and r is a real number for which f(r) = 0, then r is called a
real zero of f.
eal ze f _J

The following statements are equivalent:

#3 S}rlSﬂLN’-ﬂ\

1. ris a real zero of a polynomial function f. \ .01
2. ris dn._\ intercept of the graph of f. -Z?J(O 6‘% eo 1 J
3. x — risafactorof f. g A
4. ris asolution to the equation f(x) = 0. ,\Wﬂ X" ‘
; f o{’Jf (L\
\«,ﬂb"’“
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Example 3: Finding Zeros

Find the real zeros of the polynomial function
f(x) =x°+x%—2x

)(-:O g \
A xT=2x =0 k- 120 f |

X+2 7~

% _
X(X*+x-2)=0
-2

X (x = V(=)= 0 X“‘{Ovl) 3
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If (x — r)™ is a factor of a polynomial fand (x — r)™"! is not a factor of f,

then r is called a zero of multiplicity m of f* Sy TQGEE\'% %d‘Of‘S —J

If rIs a Zero of Even Multiplicity

Numerically: The sign of f(x) does not change from one side to the other side of r.
Graphically: The graph of f touches the x-axis at r.

e
If rIs a Zero of Odd Multiplicity
Numerically: The sign of f(x) changes from one side to the other side of r.
Graphically: The graph of f crosses the x-axis at r.
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Theorem

Turning Points (W\a\(. th« YTV, PO‘\“*SB

If fis a polynomial function of degree n, then the graph of fhas at most n — 1
turning points.

If the graph of a polynomial function f has n — 1 turning points, then the
degree of fis at least n. _J

A g with n-| dums MM__,_s_Jr);g(_ it le@

m wth '
@L\am ml a
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Example 4

Identifying the Graph of a Polynomial Function

Which of the graphs in Figure 13 could be the graph of a polynomial function? For

those that could, list the real zeros and state the least degree the polynomial can
—

have. For those that could not, say why not.

A ‘
NS, i
y
V
l_ 1 i 1 21 1 - -
_2 -

( mQ"'I (ac)"‘% ®), 2
N\ aws: ~4)
o(aa’ 50,,.bFigure13
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Theorem

End Behavior
For large values of x, either positive or negative, the graph of the polynomial
function

[ TEx) :‘:ﬁ,_.\‘” +a, X" '+~ +ax+a a, #0 ]

[
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Figure: End behavior () o,x"s _
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Example 5

if/d
Identifying the Graph of a Polynomlal Functlon

Which of the graphs in Figure 16 could be the graph of "23 XVQS'@
fix) = x* + ax® + bx? —51—6‘/

wherea > 0.b > 0?
yl/

(a) . (c) (d)
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Example 6

Writing a Polynomial Function from Its Graph

Write a polynomial function whose graph is shown in Figure 17 (use the smallest
degree possible).

—
—-—

B

\orcang !
Ry ws S
w;mf&gx S

—]?(x): g \‘*exo‘l“e& —5 Yt S N

\ 0
(2 -0)%-2) Y
0 od-“
(5_(_)()5 X ()(- Figure 17 Y“};,\«)f. i
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Example 7: Use Given Zeros to Write
and Analyze Polynomial Functions

Form a polynomial of degree 3 with zeros
— 3,3, and 7. Write your answer in factored form
and standard form with a leading coefficient of 1.

+6)= (0 Y(x-3 )(x.-’ﬂ
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Example 8

How to Analyze the Graph of a
Polynomial Function

Analyze the factored form of the polynomial function

/(%)=

Step 1:
Step 2:
Step 3:

Step 4:

(2x—1)(2x+1)(x+3)° (2x—|)(2><+\)(3(+3 Yt )

= Ut -9

Determine the end behavior.

Find the x and y intercepts.

Determine the zeros and their multiplicity. Use this to determine if
the graph touches the x-axis or if it crosses.

Determine the maximum number of turning points.
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f(x)=2x—1)2x+1)(x + 3)*

Step 1: Determine the end behavior.

onling' " pesendlas e ?ow&i‘giuvxchon = “(x
Wit waans ‘ooj(b\ m\ols %9 WP

Step 2: Find the x and y intercepts.

Yoints: dx-1=0, &xt1=0, ¥43=0
x=Va -% -3 (20,009
7S (O 0\)
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f(x) = (2x—-1)(2x + 1)(x + 3)?

Y-S,
Step 3: Determine the zeros'and their multiplicity. Use this to determine if
the graph touches the x-axis or if it crosses.

Y= 3 k. o dl c,ross*\‘\\o,_t%/—a){li
X= JZ‘ W\U\“'- o 1 at 2 |
yo -3 wmotk ot 7). —= Fouch A -3

&t -3

Step 4: Determine the maximum number of turning points.

(n—]) meY. of 3 turns

PEARSON Chapter 5.1-27







Figure: Cubic relation
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y=ax*+bx®+cx+da<0
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Example — Find the Model
TR

Number x of
Textbooks, Cost, C
(thousands) ($1000s)
0 100
5 128.1
10 144
13 1535
17 161.2
18 162.6
20 166.3
23 178.9
25 190.2
27 2218
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Figure

NORMAL FLOAT AUTO REAL RADIAN MP n
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Figure

NORMAL FLOAT AUTO REAL RADIAN MP n

gy=ax3+bx2+cx+d
a=.0154590051
b=-.5951424724
c=9.150171681
I.d=98.43272255
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Figure
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